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Abstract: In this paper, we investigate the asymptotic stability of the linear systems
with multiple time-invariant delays. The delay elements are removed from the original
system by using a parameter-dependent Padé approximation, resulting in a delay-free
comparison system with real parameter uncertainties. We then show that, the robust
stability of the comparison system, not only ensures the asymptotic stability of the
original time-delay system, but also guarantees an a priori upper bound on the degree
of conservatism which only depends on the order of the Padé approximation used.
Finally, we present a new, delay-dependent condition, formulated in terms of Linear
Matrix Inequalities, for the asymptotic stability of the time-delay systems.
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1. INTRODUCTION

The analysis of time-delay systems has attracted
much interest over a half century, especially in
the last decade. The recent book (Dugard and
(Eds), 1997) contains an extensive collection of
papers dealing with both delay-dependent and
delay-independent stability conditions. Much in-
terest in the literature has focused on searching
for sufficient conditions which are numerically
tractable but are not too conservative. Many such
conditions involve, either explicitly or implicitly,
covering the delay elements with some (convex)
sets so as to obtain numerically tractable stability
conditions (Zhang et al., 1999a). Furthermore,
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the conservatism of the analysis can be reduced
by choosing appropriate covering sets, based on
delay elements’ properties (Zhang et al., 1999b).
In (Zhang et al., 2000), the parameter-dependent
Padé approximation was used to cover the delay
element and obtain a simple delay dependent sta-
bility condition for the linear system with a single
time-delay. This condition guarantees an a priori
degree of conservatism upper bound. Moreover, its
delay margin can be calculated explicitly without
incurring any additional conservatism. This con-
dition can also be reduced with some (typically
small) conservatism to finite-dimensional LMIs.

Many published Lyapunov-based stability analy-
sis results (see (Li and de Souza, 1996; Niculescu
et al., 1995; Park, 1999) and the references
therein) use a model transformation to trans-
form a system with a single delay into a sys-



tem with distributed delay. The recent results
of (Gu, 1999; Kharitonov and Melchor, 1999)
demonstrated that this transformation introduces
additional dynamics and hence any stability cri-
teria based on this transformation will be in-
herently conservative if the additional dynam-
ics have unstable poles. Our Padé approximation
based approach, however, does not involve such
model transformation, and therefore does not suf-
fer the inherent conservatism incurring in those
Lyapunov-based results.

The objective of this paper is to extend the above
approach to the linear systems with multiple time-
invariant delays. In particular, we will develope a
sufficient stability condition which ensures an a
priori upper bound on the degree of conservatism.
This upper bound only depends on the order of
the Padé approximation used, and can be reduced
to any desired degree by increasing the order of
the approximation. This condition can be reduced
(with some small conservatism) to LMIs, which
can be solved efficiently.

2. PRELIMINARIES

Consider the linear time-delay system

K
B(t) = Az(t) + > Agx(t — ) (1)

k=1
where the time delays 7, € [0,7], 7 > O,
k = 1,---,K, are constant, unknown and in-

dependent, and we assume that A = A +
K

Ay, is Hurwitz. We denote the delay vector
k=1

7=[m - Tk ], and the delay set [[r_, [0, 7] :=
{[r - &l €0, 7], k=1,-- ,K}.

Definition 1. The system (1) is said to be asymp-
totically stable on Hle[o, 7] if

U(s, 7, - ,7x) #0, Vs € Cy, 1 € [0,7],

K
where U(s, 1y, - ,7k) := det(sl,—A— Y Are %)
k=1

is the characteristic function associated with Sys-
tem (1).

Compared with the single-delay case, the analysis
of linear systems with multiple delays case is much
more complicated. As a matter of fact, in the gen-
eral non-commensurate delays case, this problem
is N'P-hard (Toker and Ozbay, 1996). Conse-
quently, it is very unlikely to find efficient algo-
rithms to solve this problem exactly in the general
case. Our objective is to find efficient conditions
which are numerically tractable yet are not too
conservative. Moreover, it turns out that the anal-
ysis of the stability regions is rather complex even

for the scalar differential equation involving only
two delays (Hale and Huang, 1993). In particular,
this system may have multiple “maximum” sta-
bility margins, for instance, the system may have
stability margins which are unbounded in two
different directions (Niculescu and Chen, 1999).
This phenomenon complicates our analysis, and
herein, we introduce the definition of actual delay
margin with a proportionality ratio vector.

Definition 2. The actual delay margin 7* for

the system (1) with the proportionality

ratio vector v := [l -+ lx],where I, > 0,

1<k < K,and max (I) = 1, is defined by
1<k<K

=il = [ LT o kT
where
K
Ty 1= sup {T0|(1) is a. s. on H[O,lkro]} .
k=1

The system (1) is said to be delay-dependent if
75 is finite, and delay-independent otherwise.

Next, we give the definition of the degree of
conservatism of a stability criterion. It provides
a quantitative measure for the performance of the
criterion in the sense of conservatism.

Definition 3. Suppose P is a condition that en-
sures that (1) is asymptotically stable on Hle [0, 7]
If (1) is delay-dependent with actual delay margin

T* = v7; with the proportionality ratio vector
v:= [l -+ lg],where I > 0,1 < k < K,and
max () = 1, then the degree of conser-
1<k<K
vatism (d.o.c.) of P is defined by
71* _ 7*_*
d.o.c.(v) := 077*7)0
To
where
K
. i _
Tp, = sup {To|7? is true on H[O,lk’rg]} .
k=1
Moreover, 7p := vTp, = [LiTp, -+ IkTp, ] is said

to be the delay margin provided by P with
the same proportionality ratio vector v.

Definition 4. Consider a linear, time-invariant
(finite-dimensional) system G(s) interconnected
with an uncertain block A € A (A is a set of
linear time-invariant stable systems), as shown
in Figure 1, denoted as ) [G(s), A(s)]. Then the
system is said to be robustly stable if G(s) is
internally stable, the interconnection is well-posed
and it remains internally stable for all A € A.

Now, we decompose Ay = HF); where Hj €
Rrxae F,o€ RX" have full rank, and denote
H := [Hy -+ Hk)and F := [Fl ... FE]T.



Fig. 1. An interconnection system.

Our principle tool for the stability analysis of (1),
is the zero exclusion condition principle, which
is based on the value set analysis of the delay
elements e %%,

Lemma 1. The system (1) is asymptotically sta-

ble on Hle[o, 73] if and only if
U(jw, 1, ,7k) # 0, Yw > 0,7 € [0, 7]

Proof. This follows from the work of (Datko,
1978). |

Applying this lemma, we have the following sta-
bility condition.

Lemma 2. (Zero Exclusion Condition) The
system (1) is asymptotically stable on Hle [0, Tk
if and only if

det[I; — G(jw)@(jTw)] # 0, Yw > 0,7 € [0, %],

(2)
where ¢ = ¢1 + -+ + gk, G(s) := F(sI,, — A)~'H
and ®(r,s) = diag{d(r1s)ly, +, (TK ) gy }»

d(mps) = e T — 1.

Examining the stability of (1) by checking the
condition (2) directly is nontrivial, because (2) im-
plies solving a transcendental equation. An indi-
rect but intuitive approach of examining whether
(2) holds, is to cover ®(r,jw) with another set
®(w), that is, to find a value set ®(w) such that

O(7, jw) € ®(w), Yw > 0,71 € [0, Ty].
Then (2) holds if
det{, — G(jw)AGw)] £0, Yoo > 0, A(jw) € B(s).

which is satisfied if the interconnection Y [G(s), A(s)]
(referred to as the comparison system in the se-
quel) is robustly stable. The conservatism of this
approach mainly arises from the manner in which
the covering set @ is chosen based on the proper-
ties of the delay element (Zhang et al., 1999a).

In (Zhang et al., 2000), the authors introduced
a less conservative covering set for the delay ele-
ment, by using Padé approximation, and provided
sufficient conditions for (1) in the single delay
case which guarantee an a priori degree of con-
servatism upper bound. Herein, we will generalize
these results to the multiple-delay case.

We consider the mth order (m > 3) diagonal Padé
approximation to e~ ® as follows (Perron, 1957;
Saff and Varga, 1975)

Ry (s) = Jé—v%(_sé)’,)
where

i m — ). —Sl

— Nim —1)!
Now, we define the following sets:
Qa(w, 7)) = {71, € [0, 7]},
QB(w,Tk) = {Rm(]Bkamw)wk S [0,7_']6]},
Qo(w,ﬁc) = {Rm(yﬁkw)wk € [0;7_74:]}-

where a,, = 5=, and w,. is the phase crossover

frequency of R, (jw) at the —27 line:
we :=min{w > 0| R, (jw) = 1}.

It can be found that for m = 3,4 and 5, a,, ~
1.2329,1.0315, and 1.00363 respectively.

The function R,,(s) and the above sets have sev-
eral important properties which are summarized
as the following lemma.

Lemma 3. (Zhang et al., 2000) For every integer
m > 3, the following statements hold:

(a) All poles of R,,(s) are in the open left half
complex plane.

(b) Qc(w,’l_'k) - QA(w,Tk) - QB((A),’I_']C), Yw >
0,7 > 0.

(c) nli—r>nooam =1.

3. MAIN RESULTS

Now, we replace the delay elements e~ "*% with the
real rational functions R, (8rans) and Ry, (0xs)
and denote the resultant finite-dimensional inter-
connection systems as ) 5(0) := >_(G(s), Pi(ams))
and Y . (0) := > (G(s),Pu(s)), respectively,
where Py(s) := diag{[Rm (015)—1]1;,, - ,[Rm(Ors)—
11, }. The following theorem gives a sufficient
condition for the stability of (1).

Theorem 1. The system (1) is asymptotically sta-
ble on Hle[o, Tr], if the comparison system
" 5(8) is robustly stable for 8 € [Tr_, [0, 7]-

Proof. This follows directly by using Lemma 2
and Lemma 3. ]

The following theorem presents a necessary con-
dition for the stability of (1), which can be used
to estimate the d.o.c. of a stability criterion. The
proof of this theorem is rather technical and it is
omitted due to limited space.

Theorem 2. If (1) is asymptotically stable on
Hle[o,i'k], then )" (@) is robustly stable for
0 € TTr, [0, 7]



The following result shows that the d.o.c. of The-
orem 1 is bounded by a function of a,,.

Theorem 3. The d.o.c. of Theorem 1 with any
proportionality ratio vector v satisfies
am, — 1

d.o.c.(v) < . (3)

Um

Moreover, d.o.c.(v) — 0 as m — oo.

Proof. Let 7* = v7] be the actual delay margin of
(1), and 7 = v7p, be the delay margin provided
by Theorem 1, both with the same proportionality
ratio vector v. Let 7¢, := v7(, , where

K
75, = sup {TO| D> (B isa. s Vo€ H[o,lkrgo]} :
C

k=1
Then, clearly, we have 75 = a,,Tg. In addition,
from Theorem 2, )~ (f) is robustly stable for
0 € Hle[o,v_'k] whenever (1) is asymptotically
stable on Hle[o, 71]. Therefore,
27
which immediately yields (3). Finally, we have

d.o.c.(v) - 0 as m — oo, because lim a,, = 1.
- m—00

Remark 1. For k = 3,4 and 5, 2= ~ 18.9%,3.05%

and 0.361%,respectively. For higher order k, this
bound can be further reduced. This bound de-
pends only on the order of Padé approximation
used. It is independent of 7*, A and Aj, and
hence the d.o.c. of Theorem 1 is guaranteed for
any linear system with time-invariant delays.

Remark 2. The traditional manner in using Padé
approximations for time-delay systems, such as
(Wang and Hu, 1999), is to simply replace delay
element e~ ™% with the approximations R,,(7s),
by assuming small delays and some dynamical
properties (such as bandwidth) of the system,
because the Padé approximations are accurate
only when 7y s are sufficiently small. As a matter
of fact, Theorem 2 indicates that the resultant
condition is only necessary, and hence it does not
guarantee, in general, the stability of the original
systems. Theorem 1 shows, however, that if we
use the a,,-scaled version of the Padé approx-
imations R, (0ranm,s),the robust stability of the
obtained comparison system rigorously guaran-
tees the stability of the time-delay system without
assuming that the delays are small.

3.1 The Singularity Phenomenon

The comparison system Y 5(6) is free of delays,
but it has real uncertainties 6. Some care must

be taken when examining its robust stability, how-
ever. When some 6}, approaches 0, the system dy-
namics suffers a fundamental and abrupt change.
In particular, the dynamics of R,, (6, s) vanish
when 6, becomes 0, causing the system degenera-
tion. The uncertainties € hence can be regarded
as singular perturbations. The general singular
perturbation theory (Khalil, 1996) considers only
one singular perturbation, and hence can not be
applied to this comparison system directly.

The singularity of the system obviously compli-
cates our analysis. For the single delay case, the
problem is much simpler, and (Zhang et al., 2000)
demonstrated that the delay margin can be calcu-
lated explicitly without incurring any additional
conservatism. The question of whether a similar
conclusion can be drawn for the multiple delays
case is still open.

The standard p—framework (Zhou et al., 1996)
can be used to examine the robust stability of the
comparison system. However, the singularity issue
must be carefully taken into account. Notice that
the singularity occurs at small values of 6y, which,
according to the necessary condition Theorem 2,
imply the effect of small delays in some sense.
In a previous paper of the authors (Zhang et
al., 1999b), we demonstrated that the value sets of
delay element ‘3_;'275’1 can be covered with various
convex sets, such as a shifted disk, a filter, or both.
These covering sets are more conservative than
the covering set Qp(w, 7,) we proposed above, but
they do not introduce the singularity for small
delays. Now, consider the covering using a filter.
We suppose that f(s) is real rational, stable, has
minimum phase and relative degree 1, and

e ITw — 1

— ‘§|f(j7'w)|, Yw > 0,7 €10,7],7 > 0.
Tjw
An example of the function f(s) is given by
25+ 7.0711
1) = S aasts + Tomt

Now, choose a small number € > 0, and divide the
set interval [0, 7] into [0, 7] = [0,e] U [ﬁs,fk].

Correspondingly, the set Hle[o,ﬂg] is divided
into 2K subsets S;. For each subset S;, every
uncertainty 6y, is either in [--e, 7], or in [0,€].
If 6y, is in [0, ¢],we replace the uncertain function
R, (0, s) into
sef(s€)0y(s)

where 0f(s) is a complex uncertain parameter
with [|0¢| , < 1. If 8 is in [-Le,7¢],we define a
transformation 6, = (7, — is)&,@ + (T + ﬁs),
where —1 < §; < 11is a real uncertain parameter.
It can be easily shown that R, (0rcm,s)I,, can be

expressed as an linear fractional transformation
(LFT) (Zhou et al., 1996):

Rm(akams)qu = -7:1(P‘7'k (S)) 62‘[7?1%)



Now, pulling out all uncertainties d§, or d;,, we es-
tablish a standard interconnection Y (G;(s), A;).
The robust stability on each subset S; can then be
examined by the small y theorem. This approach
involves 2K frequency sweeping tests, and hence
can be very tedious if K is large.

3.2 A New LMI Delay-Dependent Stability Criterion

Herein, we present an alternative approach to the
previously discussed u—framework to the stability
analysis. Our result is based upon a parameter-
dependent Lyapunov matrix. Some additional
conservatism may be introduced, but the resultant
stability condition is formulated as a finite set of
LMTIs.

Let (Ap,,Bp,,Cp,,Dp,) be the minimal realiza-
tion of Pr(s) := [Rm(ams) — 1]I, and denote
ny as the order of Ap .. For convenience, we

B K
let A:= A+ > HyDp,Fi,B, := BpFi, and
k=1

Cy =: H;,Cp,. Also, we denote F, := Hle[o,i'k],
and F, = Hszl(O,Tk]. The following theorem
indicates that under an addition condition, the
robust stability of >~ 5(#) on F, implies the robust
stability on the closed set F ..

Theorem 4. > g(6) is asymptotically stable on
F, if and only if for every 6 € F, there exists
a positive definite matrix X(6) satisfying the
Lyapunov inequality

AL®)TX(0) + X (0)AL(0) < -1,

where
A 60730 - 00k
67 B, 04p, 0 0
Ar@) ="
: 0o .0
0.°Bx 0 0 0g'Ap,

is the kernel of the closed loop system ) (). If,
in addition, the matrix X (6) is bounded for all
0 € Fo, then ) 5(#) is asymptotically stable on
Fc-

Now, we present a delay-dependent stability con-
dition for system (1) as follows, which is formu-
lated as a (finite) set of LMIs.

Theorem 5. The system (1) is asymptotically sta-

ble on Hle[o,fk], if there exist a constant ¢ >
0, positive definite matrices Y; € R"*"™ 4 =
0,---,K,and X; € R>™ 4 =1,... K, and
matrices Wy, € R**™ k = 1,--- K, such that
for all vertices 7. of the polytope Hszl[O, Tl

II(7.) < 0 (4)

and
X(7:) >0 (5)
where
(111 (60) Hi2(0) -+ II,kx41(0)
* H2’2(0) 0 0
() = . ,
L * *  x lgy1,k41(0)
[Y(0) 02 W, - 02 Wi
X 0 0
x@=| =
* x . 0
L * * x Xy

. . K
with IT; 1 (0) := Y(0)A + ATY () + Y (Wi By +
k=1

BiW) + el My jt1(9) = Y(0)Cr + WiAp, +
ekATW]g + B{Xk, Hk—i—l,k—i—l(e) = ekaTCk +
0kCIWi + X Ap, + Ap Xi +el, k=1, K,

and Y(0) := Yy + i 0:Yr. ©(0) == Y(0) —
k=1

K
k; 0, W X, WL

Proof. First, we notice that II(f) is convex in 6
because it is affine in 6. Hence (4) implies that

(#) <0, Vo€ F.. (6)

Using the properties of Shur Complement, Eq. (5)
is equivalent to

0. >0,

K
where ©(6) := Y(0) — 3 6, W, X, "Wl Since
k=1

©(6) is convex in 6,the above inequality implies
that

0@)>0, Vi€ F,,
which is equivalent to

X(0) >0, Vo€ F..
For any € € F,, multiplying (6) on both sides by
Ep = diag{ln,0; * I, - 05> In,. } yields

EyII(0)Ey <0
which immediately gives
AL ()TX(0) + X(0)AL(9) < —eI (7)

where Ay, (0) is the kernel of the closed loop system
>-g(0). Since X () is bounded for all § € F,, by
Theorem 4, ) (6) is also asymptotically stable
on [ .. Hence, by Theorem 1, (1) is asymptotically
stable on F .. ]

4. CONCLUSION

The asymptotic stability of the linear system with
multiple time-delays is addressed. We established



inner and outer inclusion relation for the value sets
of the irrational delay element and a parameter-
dependent Padé approximation. We then demon-
strated that replacing directly the delay elements
with the Padé approximation leads to a neces-
sary stability condition for the time-delay system,
while replacing the delay elements with an ay,,-
scaled Padé approximation results in a sufficient
condition. This sufficient condition involves ex-
amining the robust stability of a delay-free com-
parison system with real parameter uncertain-
ties. This condition guarantees an a priori upper
bound on the degree of conservatism which only
depends on the order of the Padé approximation
used. Finally, we presented a new, LMI-based
stability criterion for the time-delay system. The
result of this paper generalized the previous result
of the authors (Zhang et al., 2000) to the multiple
delays case.
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