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Abstract— A method to generate on-line optimal acceler-
ation/deceleration and attitude profiles for a half-car model
in high-speed cornering is presented. The methodology is
an extension of [1] where a point-mass model of the vehicle
was used. The acceleration envelope of the vehicle (GG-
diagram) from the locus of the front and rear tire forces
is used for selecting the optimal control inputs. A stable
implementation of the algorithm for a path of increasing
radius is also presented.

I. INTRODUCTION

The problem of trgectory planning for high-speed
autonomous vehicles is typically dealt with in the litera-
ture by means of numerical optimization. Several results
have been recently published [2], [3], [4], [5] for high-
speed ground vehicles to demonstrate that these numerical
techniques allow the incorporation of accurate, high-order
dynamical models in the optimization process producing
realistic results. In fact, the optimal solutions generated by
these optimizers are comparable to experimental results
generated by expert-race drivers [5]. On the other hand,
these numerical optimization approaches are computation-
ally costly and cannot incorporate unpredictably changing
environments (consequently, they may not be suitable for
real-time implementation).

An alternative approach is proposed in this work. With the
aim of minimizing the computational cost, we examine
the possibility of solving the problem of trgjectory plan-
ning, (or at least part of the problem) analytically. Our
approach is to separate the geometric and dynamic parts
of the design of the optimal trgjectory. We assume that
the geometric characteristics of the path to be followed
are given, for instance by means of a prior numerical
optimization. For example, the path to be followed could
be a path of minimum distance, or a path of minimum
average curvature, or a path of minimum combined cost.
Since the dynamics of the vehicle are not included in this
first step of the optimization process we expect minimal
computational cost.

The part of the dynamic trgjectory design consists of
the calculation of the optima velocity profile through
the prescribed path, given the dynamics of the vehicle.
A semi-analyticadl method that provides an intuitively
optimal velocity profile is proposed in [6], [7]. Formal
proof of optimality of this semi-analytical methodology is
provided in [1] aswell as a study of severa uncontrollable
cases neglected in [6], [7]. Finaly, in order for the
trgjectory planning scheme to be safely applied on-line

a receding horizon implementation of the optimization
methodology has been presented in [8] to incorporate
unpredictably changing environments.

In this work the methodology of [6], [7] and [1] to
generate the optima velocity profile on a prescribed
path for the minimum time travel of a vehicle with
given acceleration limits is extended to a half-car model.
This extension provides the attitude information missing
from [6], [7] and [1]. Additional challenges include the
determination of the acceleration envelope at the C.G. of
the vehicle (GG-diagram), which is changing with the
vehicle's operating condition, as well as the stability of
the yaw dynamics.

In the following, the methodology of [6], [7] and [1]
is reviewed. A half-car model with nonlinear tire fric-
tion characteristics is used to calculate the acceleration
envelope of the vehicle for any operating condition.
An extension of the optimal control strategy of [1] is
then proposed using the dynamics of the half-car model.
Numerical simulations reveal that the stability of the yaw
dynamics needs to be taken into consideration.

Il. OPTIMAL VELOCITY PROFILE FOR A POINT-MASS
VEHICLE

Consider a vehicle of mass m travelling through a
prescribed path, given the acceleration limits and fixed
boundary conditions, i.e. fixed initial and final position
and velocity. The velocity profile through the path for
minimum time travel is investigated. The path is described
by the radius at each point of the path as a function of the
path length coordinate s, R(s) (Fig. 1) or, equivalently,
by the curvature k(s). The cartesian coordinates of any
point on the path can be calculated using a standard
transformation [4], [8]. The equations of motion are given

Fig. 1. The point mass m travels along the prescribed path R(s), given
maximum acceleration limits, in minimum time.
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where, f; is the force tangential to the path and f,, is the
force normal to the path. Since we assume that the path
is followed exactly by the vehicle, the normal force f,
is given by (1). The control input is f;. We aso consider
given acceleration limits, which result in the following
control constraint:
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where f** is the maximum longitudinal and f** the
maximum lateral forces repsectively. Introducing a new
control variable u, the control constraint may be rewritten
as follows

f =u ( max)Q_T( gnaX>2<E)2 (3)
! ' R\ fmax )\ dt

where v € [—1,+1].

Assuming that the trgjectory remains inside a region
where controllability is maintained and the dynamics are
well defined, it isformally proven in [1] that for minimum
time travel the maximum available force is used at all
times, i.e. the optimal control consists of sub-arcs of full
acceleration (v = +1) or full deceleration (v = —1).

Note that there exists a critical velocity

ds IR
E = Ucritical = f;nax E (4)

critical
for which f; = 0. Inthiscase f,, = f**%, that is, the total
acceleration capacity of the vehicle is used to produce the
required centripetal force, and subsequently, no available
force remains for longitudina acceleration/deceleration.
Thus & v = veiticar 10SS Of controllability ensues. In
other words, veyitical 1S the maximum allowable velocity
at each point of the path. The reader is referred to [1] for
detailed discussion.
The optimal velocity profile in [1] is constructed as
follows.

o First, the points of local minima of the path radius
and the areas of constant radius are identified. For
a path with radius profile as in Fig. 2, the points of
interest are points Py, P, and P; of local minima of
the radius and the interval between points P; and Py
of constant radius.

« The optimal velocity profile subject to free boundary
condition for each of the subarcs containing the
points of interest is then calculated. For the subarcs
containing a unique point of local minimum radius,
this profile consists of full deceleration (u = —1)
before, and full acceleration (v = +1) after each of
the local minima. The velocity at each of the local
minima is equa to vepitica fOr the given minimum
radius. In Fig. 3 the characteristic (i) corresponds to
point Py, characteristic (i) corresponds to point P,
and characteristic (iv) to point Ps.

For the intervals of constant radius, this profile
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Fig. 2. A “generd case” radius profile path
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Fig. 3. The unconstrained problem solutions for constant radius and
min{R} sub-arcs.

consists of constant velocity as close (but not equal)
t0 Veritical @S POSSible. In Fig. 3 the characteristic
(#i1) corresponds to the interval between points P;
and Py.

« Given the boundary conditions, for example, the
initial point A and the final point B in Fig. 4,
we construct the characteristic of full acceleration
(v = +1) from the initial point (characteristic (1)
in Fig. 4) and the characteristic of full deceleration
(u = —1) towards the final point (characteristic (11)
in Fig. 4).

o The optimal velocity at each point of the path is
the minimum of all the above characteristics at that
certain point. For the example under consideration,
this approach yields v*(s) = min{v*(s)} ,k =
i, 1,44, iv, I, I1, with v*(s) being the velocity pro-
file corresponding to the & characteristic (solid line
in Fig. 4).

This methodology has been used to generate the optimal
velocity profile for an F1 circuit, given the acceleration
limits of atypical F1 race car, and to compare to results
achieved by expert F1 race drivers [8]. The results are
shown in Fig. 5.

I1l. EXTENSION TO A HALF-CAR MODEL

In this section we extend the methodology described
in the previous section to a half-car model in order to
derive the missing attitude information of the vehicle's
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Fig. 5. Velocity profiles through the Silverstone circuit: experimental
(a) from [9], computed optimal (b).

orientation.
The equations of motion of a half-car model along a
prescribed path R(s) asin Fig. 6 are given below.

mi = (foJrfo)COSw—(ny+fRy)Sin¢,(5)
mij = (fre + fro)sin® + (fry + fry) cos ), (6)
Izzz} = nygF - fRy£R~ (7)

The self-aligning torque M, is neglected, asit istypicaly
done in the literature [3], [4], [5]-

In the above equations m is the vehicle’'s mass, I, is
the polar moment of inertia of the vehicle, and x and y
are the cartesian coordinates of the C.G. in the inertia
frame of reference. ¢ is the yaw angle of the vehicle
and by f;; (j = z,y, i = F, R) we denote the friction
forces of the front and rear wheels, respectively, along
the longitudinal and lateral body axes. Equations (1) will
also beused, with ds/dt = v = /32 + 92, and f;, f, the
components of the resultant force, due to front and rear
wheel friction, along the tangential and normal directions
of travel respectively.

Define the path angle ¢ and the vehicle dip angle 5 as
follows (see Fig. 6):

¢ = arctan <y> B=¢—1pb G)
X
The tire friction forces are calculated using Pacglka's
“Magic Formuld® model [10] as follows.
ire _ Sij . -
th __S_:F’L (Z_FaR and J_xuy)> (9)

where, f};re (1 =F,R and j = x,y) are the components
of the front and rear wheel friction forces along the

Fig. 6. A haf-Car Model of a vehicle driving along a prescribed path
R(s).

longitudinal and lateral tire axes respectively, s;, is the
longitudinal and s, is the lateral dlip of the i wheel.
The components £} should not be confused with the
components f;; of the same forces along the longitudinal
and lateral body axes, used in equations (5)-(7). The total
friction force of the front and rear whedl, F; (i = F, R),
is computed using

F; = F;.Dsin(Catan(Bs;)) (i = F, R), (10)

where F;, (i = F, R) is the vertica load at the front and
rear axle, respectively, and the total dlip s; (i = F, R) is
computed as

s;=\/s%, + %, with i=FR. (11)

The friction force of each wheel lies within a circle of
radius equal to the maximum friction force f** (i =
F, R), for s, provided by (10) asin Fig. 7.
We assume that we can control the front and rear longi-
tudina dip s;., (¢ = F, R) of the front and rear wheel
independently, as well as the steering angle ¢ of the front
wheel. Using the standard definition of longitudina dlip
[10] we choose s;, € [—1,+1].
The expressions for the lateral dlip of the front and rear
wheels are given below:

vsin 8 — lg

SRy = Wa (12)

vsin(f — 8) 4 g cos &
veos(f — ) 4+ plpsing

(13)

SFy

The rear lateral dlip sg, is completely determined by
the states of the system, i.e., sg, is fixed for a given
operating condition of the vehicle (v, 3, ). Thus, for a
given operating condition of the vehicle, and assuming
that we can control the rear longitudinal dlip, the rear
friction force lies on a characteristic curve determined by
the lateral dlip sg, asin Fig. 8.
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Fig. 7. Total friction force of the ith wheel with respect to the combined
dlip as given by the Magic Formula
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Fig. 8. Front and rear tire friction characteristic curves for fixed lateral
dip siy (¢ = F, R) and longitudinal dlip s;; € [-1,4+1] (¢ = F, R).

The front lateral slip sp,, however, depends on the
steering angle §, which is one of the control variables.
Figure 9 demonstrates that for any vehicle operating
condition we may generate any front wheel lateral dlip,
Spy € [—sP 452 using a steering angle § within
a redlistic range of § € [—n/4,4+n/4]. In Fig. 8 it is
also demonstrated that the whole friction circle includ-
ing its interior can be constructed by characteristics of
Spy € [—sP* 4+ sP*]. Thus, we conclude that given any
operating condition of the vehicle, and assuming that we
can control the front longitudinal slip and steering angle,
the front friction force may be chosen anywhere inside
the friction circle.

The resultant force at the C.G. of the vehicle is found by
adding the front and rear friction forces. The resultant
force envelope (GG-diagram) is constructed, for each
operating condition of the vehicle, by adding the front
friction circle to the rear wheel friction characteristic, as
in Fig. 10. Any point on the force envelope is associated
with a unique pair of front and rear tire friction forces.
An extension of the optimal control strategy described in
Section |1 becomes evident. Given an operating condition
of the vehicle (velocity components 4 and g, orientation
¥, yaw rate ¢)) and the geometry of the path, we can

v = 30m/sec
B = 10deg
dy/dt = 0.1 rad/sec

front wheel lateral siip s;.,
°

v = 20m/sec
061 B = -25deg
dy/dt = 0.5 rad/sec

- . . . .
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Fig. 9. Front lateral dlip with respect to steering angle for given
operating condition of the vehicle.

calculate the necessary centripetal force f,, from (1) such
that the vehicle follows the path. We can also determine
the tangential and normal directions to the path with
respect to the orientation of the vehicle (these are denoted
by t and n respectively in Fig. 10). The calculated f,, lies
along the n direction and may be produced by only two
possible total forces fio; on the GG-diagram. One of the
two fio; forces produces an accelerating tangential force
f+» which corresponds to the v = +1 strategy of Section
I1, and the other produces a braking force that corresponds
to the u = —1 strategy. As aready mentioned, each force
ftot ON the GG-diagram is associated uniquely to a pair of
front and rear friction forces, thus enabling us to integrate
equations (5)-(7).
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Fig. 10. GG-diagram for a given operating condition of the vehicle.

In the next section we present an extension of the optimal
velocity profile generation for a path with a point of min-
imum radius, subject to free boundary conditions using
a half-car model of the vehicle. For brevity, we omit the
constant radius path case. Since there is no acceleration
or deceleration, the GG-diagram would remain constant
and the optimal strategy would be a steady-state corner
of constant velocity (veritical) @nd dlip angle.



IV. NUMERICAL SIMULATION

Consider a path with a point of minimum radius at
point (zo,y0) = (0,0), as in Fig. 11. The path for this
example is described by R(s) = 0.5s— 10 m before point
(x0,90) (Wherewe set s = 0) and R(s) = —0.5s—10 m
after that point.

The strategy described in Section |l dictates that the
vehicle should be travelling at point (zo, yo) With veritical-
The control should be the equivalent to u = —1 before,
and v = +1 after the point g, yo. The initial condition
at (xo,yo0) is calculated numerically such that the tota
force of the GG-diagram is aong the normal direction and
equal to the sum of the maximum forces f"** (i = F, R).
Forward integration for 2.5sec with © = +1 and backward
integration for another 2.5sec with v = —1 from the
calculated initial condition results in the trgjectory of
Fig. 11 and the velocity profile of Fig. 12. In Fig. 13
the vehicle dlip angle 5 with time is shown. We observe

t=25sec

201

Fig. 11. Snapshots along a path with a point of minimum radius at
(z,y) = (0,0)

0 05 1 15 25 3 35 4 45 5
t(sec)

Fig. 12. Velocity profile along the path with a point of minimum radius.

that straightforward application of the strategy of Section
Il may result in instability of the yaw dynamics. This is
due to the fact that the vehicle dlip increases at a fast
rate (Fig. 13) resulting in increasing magnitude of the
rear lateral dlip and a shrinking GG-diagram (observe the
characteristic of s;,, = —0.6 in Fig. 8). We thus reach a
point where the f,, required for the vehicle to follow the
path is outside the available force envelope. In the section

) 05 1 15 2 25 3 35 4 45 5
t(sec)

Fig. 13. Vehicle slip angle 3 with time.

that follows we propose an alternative strategy in order
to avoid this instability in the yaw dynamics.

V. STABILITY OF YAW DYNAMICS

Research on stability of passenger vehicle yaw dy-

namics has led to the development of systems like the
Electronic Stability Program (ESP) [11] that uses in-
dividual wheel braking in order to generate stabilizing
yaw moments in critical cases where the vehicle operates
close to an estimated stability margin. In practice this
margin is characterized by the vehicle dip angle [11].
A more careful approach shows that the stability margin
depends on the combination of the vehicle dip angle
and its rate of change [12]. However, no formal, closed-
form characterization of the stability margin of the yaw
dynamics is available in the literature. In this section we
propose a simple approach to implement the velocity pro-
file generation scheme, described in the previous sections,
avoiding yaw instability.
As in the ESP system, we use the vehicle dip angle
6 information to detect whether the vehicle tends to
an unstable operating condition. When a critical value
of [ is reached, the v = =41 strategy, described in
Section 1V, is aborted. Instead, the total friction force
from both the front and rear tires is generated aong the
normal direction, contributing only to the centripetal force
(Fig 14). That is,

FF + FR = fn when B > Bcriticab

The rear whedl force Fr is chosen to be aong the n
direction. Given the operating condition of the vehicle
and thus the rear wheel friction characteristic, the choice
of the rear wheel force is unique. The front wheel friction
force Fr is chosen also uniquely, such that (14) holds.
This choice of front and rear friction forces results in
zero acceleration force along the ¢ direction, and in a
stabilizing yaw moment. The fact that there is no acceler-
ation also helps in decreasing the demand for centripetal
force. The control logic (14) is applied successfully to
the increasing radius subarc of the path of the previous
section (Fig. 15). The velocity profile does not increase
monotonically anymore (that is after t = 2.5 sec), but it
is interrupted by intervals of zero acceleration (Fig. 16),
while the vehicle dip angle remains bounded (Fig. 17).

For this preliminary approach to a stable implementation

(14)
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Fig. 14. When the vehicle slip angle increases the front and rear wheels
contribute only to the centripetal force.

of the “velocity profile generator” using a half-car model
we chose the switching function (G..itica1) t0 be constant.
Its value of 10 deg was chosen by trial and error. A more
sophisticated approach would be to choose a velocity-
dependent value, that is, fcritical = Oeritical(v). This
choice is currently under investigation.

-70 -60 -50 -40 -30 -20 -10 0 10
x (m)

Fig. 15. Stable implementation of the velocity profile generation
scheme; trajectory.

VI. CONCLUSIONS

In this work we have presented a semi-anaytica
method to generate velocity profiles for “fast” path fol-
lowing using a half-car model. Some preliminary work on
stable implementation of the methodology has been dis-
cussed. Immediate extensions of this work may include,
calculation of the “rea” control inputs (wheel torques
and steering angle) using the known dlip quantities and
the wheel dynamics, comparison of the velocity profile
generated with numerical optimization solutions, and a
formalized proof of yaw stability.
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