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Abstract— Wavelet basis functions allow efficient represen-
tation of functions with isolated singularities owing to their
nice localization properties in both space/time and frequency
domains. In this paper we propose a Wavelet-Extension Algo-
rithm (WEA) for solving the Time-Optimal Hamilton-Jacobi-
Bellman (TO-HJB) equation using the Daubechies wavelets
and their antiderivatives as weighting and trial functions,
respectively. Convergence of the proposed numerical scheme is
shown. The advantage of the proposed technique in the paper
is demonstrated by numerical examples.

I. INTRODUCTION

Since Mallat developed the main algorithm for the
wavelet transform [1], wavelets have played a critical role in
the areas of signal processing, data and image compression,
modeling of multi-scale phenomena, etc. The advantages
of wavelets for solving partial differential equations (pde’s)
have also been noticed early on [2], [3], [4], [5], using both
Galerkin and collocation methods [6], [7], [8]. Galerkin’s
method, in particular, is a classical method for solving pde’s,
and there is a vast literature on it [9], [10], [11], [12].
A survey of the literature prior to 1972 is given in [13].
A modern treatment is given in [14] for linear operators
and in [15] for nonlinear operators. In these references,
it has been shown that Galerkin’s method converges as
the number of basis functions increases to infinity if the
linear operator is bounded, or symmetric, or positive and
bounded from below. In [16] the authors have shown that the
linear operator associated with the Generalized Hamilton-
Jacobi-Bellman (GHJB) equation for an optimal regulator
problem does not satisfy any of these requirements, and
thus they proceeded in deriving alternative conditions that
guarantee the convergence of Galerkin’s scheme. However,
it is known that the HJB equation associated with the time-
optimal control problem may have non-smooth solutions
and, hence, does not meet those conditions either.

In this paper, we use Galerkin’s method to numerically
solve the TO-HJB equation over the interval using wavelets.
Wavelets seem particularly appropriate for solving the HIB
pde for time-optimal problems, since they are especially
suitable for approximating functions that are not smooth. In
addition to the non-smoothness, the value function needs to
satisfy a boundary condition in the interior of the domain.
Therefore, standard numerical methods for solving pde’s
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follow the approach of Xu and Shann [5] and work with
the antiderivatives of wavelets instead of the wavelets them-
selves. Working with the antiderivatives one automatically
ensures that the interior boundary condition is satisfied,
while at the same time one keeps some of the nice properties
of wavelets (e.g., a multiresolution decomposition of the
solution space). A proof of convergence of the proposed
numerical scheme - the “Wavelet-Extension Algorithm”
(WEA) is also provided.

Il. PRELIMINARIES

The following notation will be used throughout the paper.

A. Nomenclature

1) Let © C R be an open set. Then C°(€) is the space
of all functions which are continuous on .

2) If G C R, then cl(G) denotes the closure of G in R.

3) By x, we denote the vector xy = [z1,..., 2|7 €
RY,

4) By L*(Q) we denote the space of square integrable
functions on Q C R, that is, f € L?(Q2) implies that
Jo |f(z)|?dz < oo. The space L?(f2) is equipped
with the inner product (f, g) .2, = [ f(z)g(z)dz,
and the norm [| £z, == (fy, |£(x)[? dz)"/2.

Definition 1 (Sobolev Spaces): Let 2 C R be an open
set. Then the Sobolev space W*2(Q) is defined by
5,2 L 2 . d*f 2
X

d*f
da>

with norm || f{lw=2(q) == ZZZO‘ oy
The semi-norm of f € W*2(Q) is given by |f|w«2(q) :=
For simplicity, we will denote the norm

L2(Q
}\ -|||WS,2((Q)) by |- [l+.2.0 and the semi-norm | - sz ) by
© 18,2,

In the following, we assume that Q2 is an open subset of
R with the origin in its interior. The space of interest in this
paper is the Sobolev space W12(Q). In addition, we will
deal with functions in W1:2(Q) which are zero at the origin,
that is, W, *(2) := {f € W2(Q) : £(0) = 0}. It can be
readily shown that T,"*(Q) is a subspace of W12(Q). It
is a standard result from Sobolev space theory [17] that
W12(Q) is the completion of C*(£2) with respect to the
norm || - |j1,2,0.




B. Wavelet Theory Overview

In this section, we give a brief introduction to wavelets.
For more details the interested reader is referred to [18],
[19].

The classical wavelets are defined on R and form two-
parameter families of basis functions, which induce a
multi-resolution decomposition of L?(R). This is the main
property that makes wavelets attractive in applications.
Specifically, wavelets induce the following nested sequence
of subspaces

VoCV1CV2"-CVjCVj+1C'--CLz(R)

such that [ J52V; is dense in L*(R), i.e., cl(U;2,V;) =

L?(R). The space L?(R) can then be decomposed as

—+oo —+oo

L*R) =Vo@PW, = P W, = lim V;

j=0 j=-1 e
where the space W; is the orthogonal complement of V;
in the larger subspace V; 4, that is, V;41 = V; @ W;.
Moreover, W; = cl(span{Vv/2i¢)(2/x — k)}rez.j>0) and
V; = cl(span{V2i$(27x — k)}rez j>0), Where, 1 is the
mother wavelet and ¢ is the scaling function.

For notational convenience we define the two-parameter

family of functions

Vjk(T) = {

where k € Z.

¢(I - k)7 for .] = _17

V2ip(2iz — k), for j >0, @)

C. Wavelets as frames for L2(9)

Definition 2 ([5]): Let {52, be a subset of a Banach
Space (B, ||-||5)- Let span{y,} be the set of all elements of
the form > a0, (o, € R) which converge (strongly) in
B. Then {¢,, }22, is said to be a frame of B if span{p, } =
B. O

In the following we use the notation Q@ = (—R,+R) and
Q4 = (0, R). The following theorem extends the results of
[5] in order to introduce a frame for L2((Q).

Theorem 1: Let supp¢_1,0 = supp o0 = [0, R]. Then
the set {¢ x| : j > —1,k € Z;} where

B 1-2R<k<R-1, j=-1
Ij_{kGZ’kmin<k<kmaxa .720 }
Emin = 1= (27 + 1)R, kmax = 2R — 1, forms a frame for
L2(9). O

Proof: The proof is similar to the one in [5], where
only the case Q; was treated. It hinges on the obvious
fact that all wavelets such that supp v, N Q # 0 will be
sufficient for a frame. The index set Z; for j > —1 selects
all these wavelets. O

The following is immediate from Theorem 1.

Corollary 1: Let the space V,(Q2) = span{¢; x|o : —1
Jj<J, ke€Z;}. Then V,(Q) C V,,,(Q2) and UT_, V.(
is dense in L2(9).

02

I1l. ANTIDERIVATIVES AS FRAMES FOR W&’Q(Q)

In this section, we construct a frame for W, *(Q) us-
ing the antiderivatives of the wavelets. First we state the
following theorem, which will be used in the sequel.

Theorem 2: The semi-norm | - |1 2 o iS equivalent to the
norm || - [|1.2.0 in W, 2(Q). 0

Proof: For any v € W,"*(Q) we have, trivially, that
v(z) = [ So(t)dt. Note that, for = > 0,

using the Cauchy-Schwarz inequality. Similarly, for x < 0,

0 2
jo(a)] < < [ dt>

—u(t)
Moreover, for z € Qy, [; \%v(t)fdt < [T Lo(t) E dt
and for z € @\ Qy, [V ]Su(t)*dt < [0, |Lo(t)| dt.
It now follows that

0 R
o0 = [ To@Pdot [ o) as
“R 0

0 0 d 2 R x

< —/ x/ —u(t) dtdx—i—/ x/

R Jo |dt 0 0

“R 014 2 R R

§/ xdx/ —o(t) dt+/ ;L'dx/

0 _gr|dt 0 0
R [fl1a P R?

-3/,

dt = —|v[? 5.0
D) ‘U|172,Q
Therefore,

[SE

(—a).

2

d
Ev(t) dtdz

2
dt

d
&U(t)

Ev(t)

R2
a0 < ol a0+ 100 < (145 ) 1o an

which implies

R2
a0 < Iolfan < (1475 ) oo

]
Lemma 1. Let {¢; x|l : j > —1, k € Z;}, be a frame
for L(Q). Then, for j > —1 and k € Z;, the set

{qu,k(x) = /O"L Pix(s)ds, Vo € Q} c Wy (Q)

forms a frame for W 2(1). 0

Proof: Clearly, ¥;; € W, *(Q). Given any v €
Wy2(Q), let w = v'. Since v € Wy *(Q) and w = v/,
it follows that w € L?(Q). Hence,

o0

w— > > ik =0, (2)

J=—1kel; 0,2,



w(x) for p= 2 Anti-derivative W(x) for p = 2

Fig. 1.

Daubechies wavelet ¢ (p = 2) and its antiderivative W.

equivalently,

o0
U*E E kW e

j=—1keI;

=0
1,2,0Q

From Theorem 2, we know that the semi-norm |- |1 2 o IS
equivalent to the norm | - [|1.2.0 in Wa3(€), therefore,

(oo}
SN

j=—1keZ,

= 0.
1,2,Q

It follows that the set {0, }, for j > —1, k € Z;, forms a
frame for W, %(Q). O
Figure 1 shows the Daubechies wavelet of order p = 2
along with its antiderivative.

IV. TIME-OPTIMAL CONTROL

Consider an optimal control problem whose dynamics are
given by the nonlinear differential equation

& = fla(t)] + glz(t)]u, @)

with the boundary conditions z(ty) = xo, «(ty) = 0 where,
z(t) e R, f: R —=R, g : R — Rand t; is free. In
addition, we assume that

AL f(lz]) # g(|=]),
A2 f(—l|z|) # —g(=|x]),
A3: g(x)=0=2=0.

It is also assumed that the control input is constrained
by |u] < 1. Without loss of generality we can assume
that g(z) > 0 for all x € R, since we can always write
g(@)u = |g(x)|senlg(x)]u = |g(x)
v := sgn[g(z)] u, which satisfies |v| < 1. We will deal with
time-optimal control problems. Therefore, the cost function
to be minimized is

min / N dt 4

[ul<1 Jy,

The optimal control is computed from the Hamilton-
Jacobi-Bellman equation

ov . aVv
E+rurlnﬁan<m,%,u> =0 5)

with boundary condition V' (x(¢y),t
time-optimal problem reduces to

1+ min <g‘;(f(x) +g(x)u)>
= 14 (@) P ) — gla) | I (@)

subject to the boundary condition V(0) = 0. Once V is
known, the optimal control is given in a feedback form
(since g(x) > 0 for all = € R) as follows

u = —sgn <88‘;> @)

In the following section we propose an algorithm for solving
the HIB equation (6).

#) = 0, which for the

=0 (6)

V. WAVELET-EXTENSION ALGORITHM (WEA)

Let V1(x) denote the value function satisfying the HIB
equation (6) for all x € Q. Using the result of [20], one
obtains from (7) that %(x) > 0, Vo € Q. Therefore,
the HIB equation (6) for « € Q2 can be written as

@0 D0 @) g D @) =0, ze, @®)
with boundary condition V;(0) = 0, or
oV oV,
L+ fllzl) 5~ (2l) = g(lz)) 1(Iﬂﬂ\)—O ey (9

with boundary condition V1(O) = 0.
We now extend Vi from W) 2(Q.) — W 3(Q) as

follows
_ \% Q
Vi(2) = 1(z), €y, (10)
—Vi(—z), ze€Q\Q,.
Note that V; is continuous and V;(0) = 0. Moreover,
oy oV, oy oV
%( T) = &T( z), Or%(m) 895(' z[), Vzey.
Similarly, it follows that
oV oV oy oV
-1 = (- - O\Q,.
h(2) = (), or T(@) = h(Je), Vo e \Qy
Therefore, for all x € €2, (9) can be written as
oV
1+ S @) (f(lal) = g(le)) =0, vae, Q)
with boundary condition V;(0) = 0.
For simplicity, let us denote r1(x) := f(|z|) —g(|z|). We
can then rewrite (11) as
HIBuoa(Vi,m1) =1+ %7‘1(3:) =0, z€Q. (12

Or

Let now V5 denote the value function which satisfies the

HJB equation for =z € Q\ Q. Therefore, from (7) we have

that 22 (z) < 0, Yz € Q\ Q4. Hence, the HIB equation
(6) can be written as

Vs oVa

L4 (@) 52 @) + g(0) 2 (@) =0, 2 €0\,



or

L+ f(=|= | (—\ ) +9(—lz I) (—\ ) =0,

forall = € Q\Q+ and with boundary condition V,(0) = 0.
We now extend V5 as follows:

(13)

‘72(1;): ‘/Q(I)7 IEQ\Q-‘M (14)
*‘/2(7‘%), x € Q+.
Hence,
8V2 0V, AT 0V
Similarly,
oV, 0V, N OV, 0V,
%(1) = %(*»L), or o~ (x) = 5 (—|z)) Vo ey.

Therefore, for all x € €, (13) can be written as

oV
1+ 52 (@) (f(—Ja]) + g(-lal)) =0, ¥zeQ (15)
with boundary condition V5(0) = 0.
As before, for simplicity, we will denote ro(z) :=
f(=lz|) + g(—|z|) and rewrite (15) as follows
Vs

HJBmod(‘/Q;T2) =1+ a—r2( ) 07

Assume that the solutions to the equations (12) and (16)
exist and are unique. We seek approximate solutions, Viyga,
and Viyma,, to the equations (12) and (16) respectively,
using the method of weighted residuals [13].

To this end, we assume that the solution Viyga,, (¢ = 1,2),
is of the form

J—1
Visa, = D 3 ¢ Wip, i=1,2

j=—1keI;

zeQ. (16)

(1)

where, {¥; ;. } is as in Lemma 1 and c . are the correspond-
ing coefficients. Substituting expressmn (17) into equation
HJIBmoa(V;, ;) = 0 results in an error

J—1
7 .
E E GrVik,ri |, =12

j=—1keZ;
(18)
The unknown coefficients cj ., are determined by setting the
projection of the error (18) on each element that spans the
subspace V() (i.e. {¢jk|a}, where, -1 < j < J and
k € I;) to zero, namely,

<EI‘1“i, ¢j,k>L2(m =0,

Once we have found Viyea, and Viyea,, the solution of
the HIB equation (6) can be computed for all z € Q (from
(10) and (14)) as follows

Vigea() = { Ve, (2),

Err; := HIBLoa

i=1,2. (19)

$€Q+7

VWEA2 (x)a

V1. CONVERGENCE

For the solution of the HJB equation to be defined in
the classical sense, it must be differentiable over the whole
domain of interest. Unfortunately, solutions to the HJB
equation often have discontinuous derivatives even if all the
problem data are smooth. The theory of viscosity solutions
has been developed to interpret as solutions to the HIB
equation value functions which are only continuous [21],
[22]. There always exists a unique viscosity solution V* €
C°(2) to the HIB equation (6).

Next, we show that the solution (Vi) Obtained using
the WEA algorithm converges to V* as J — oo. To prove
this claim, we first select a set of linearly independent func-
tions from the constructed frame of Theorem 1. Specifically,
let k;(R,j) : Z x Z — 7Z (i = 1,2) be such that the set
{¢;kla) where Z; = {k € Z : ky < k < ks} C Z; and
for —1 < j < J, k € Z; is linearly independent over the
interval €.

Lemma 2: Let —1 < j < J and k € Z;. Then the set
{0, 1} is linearly independent over €2 if and only if the set
{®; x} is linearly independent over €. O

Lemma 3: Let -1 < j < J and k£ € I
Define the matrix A,(¥,,r;,d¥,) as below
Then rank{A4,(¥,,r;,d¥,)} = N, where,
v, = [\I’—l,kl(R,—l))"' a\I/J—l,kz(R,J—l)]Tl dv, =
[¢—1,k1(R,—1)a e 7¢J—1,k2(R,J—1)]T1 and N is the
number of elements in the set {¢;:}, given by
N=>/"" ko —ky +1. 0

Proof: The proof is a direct consequence of Lemma 14
in [16]. ]

To reduce the complexity of the expressions in the
following two lemmas we reorder the functions v, ; and
U, (for j = 1,...,J —1 and k € Z;) and rewrite
them simply as ¢, and ¥,, where, n = 1,...,M and

=3R— 1+Z‘] » (27T + 1)R — 1), for any given J.

Lemma4 Suppose the set {¢,}N_, for N < M is
linearly independent over 2 and the set {,, }, 7 is linearly
dependent over Q. Let ¥, = [\Ill,\llg,...,\I/N]T and
let, for i = 1,2, Wy, = (@4)T ¥y and Viyp,, =
(bi,, )TW,,, satisfy the equations:

N+1

<HJBmOd(WWEA,;)ri)vw’ﬂ>L2(Q) =0, n=1,...,N,
<HJBmOd(VWEA17ri)7,l/}n>L2(S2) = 07 n= 1 e N +1,
respectively, where, a’, = [a},a},...,a%]" and bl =

(09,05, ...,b% ). Then Viyga, = Wivpa, -

Suppose now that the set {4, } N_; is linearly independent
over ) and suppose these functions are orthonormalized
to form the set {v,}N_ 1. Then there exist constants ~;;

such that "/}1 = Y, % ’mel + nglﬁg, e 7"/}1} =
YnP1 + o+ Ynntn. Let APy, = [7/)17 P, .. LQ/)N]T
and (‘I‘N)ij = ;. It follows that we can write d¥, =

Y dW,. Similarly, if the set {¥,,}~_, is orthonormalized
to form the set {¥,,} V_,, then there exists a lower triangular
matrix T’y such that ¥, = T'y®¥,. For i = 1,2 and
n=1,...,N,



oU_y
(=i o1k ) L2 ()

AJ(‘IIJ? Ti,y d‘I’I) =

Py
(=51, VI —1,ks) L2(0)

ow,
(=52, Y1k ) L2()

OV, 1k
(=527, 01— 1,ks ) L2(0)

Lemma 5: Let Viypa, = (¢ )T %, be the solution to
(HIBmod (Viwpa,7i)s ¥n) 120y = 0,
and let Wyga, = (€
(HIBumod(Wivea,» i) ¥n) 20y = 0, N

Then Viyga, = Wiyga, fori=1,2. O

n=1,...,N
i)T® , be the solution to

n=1,...

Theorem 3: Let ¢, be _ found by _ solving
A, (¥,,r;,d¥,)c, = b,, where, b, =
[bfl,klv(R,—l)v by kR 1)}T with bj.x ) =
5(1,wjzk>Lz(SZ), v -1 < j < J, k € I and
éf] = [éz—l,kl(R,—lﬂ to é]—l,kQ(R,J—l)] Then ”CJ”Z2 < o0,

J>0andi=1,2.
Proof: The proof is a direct consequence of Lemma 20
in [16]. O

Corollary 2: Letc r (1 <j < Jand k € ) be
the coefficients found by solving the set of linear equations
(19). Let ¢’ = [¢", | po---n iy 1T, where, kpax =

27-1R — 1. Then ||c?,||£z<oo,J20andz_1,2. O

Theorem 4: Let V* € C%(Q) be the unique viscosity
solution and Vi, be the approximate solution (using
WEA) of the time-optimal HJB equation (6). Then ||[V* —
Viveall1,20 = 0 as J — oc. O

VII.

In this section we give two numerical examples to
demonstrate the proposed algorithm. The examples are
purposely simple so that analytical solutions are available
for comparison purposes.

Example 1. Consider the system (3) with f(z) =
sy 9@) = guiritii. For this
system, the optimal value function is

NUMERICAL EXAMPLES

N 22 + 3z,
Vie) = {—x3 — 5

Using the WEA algorithm with Daubechies wavelets of
order p = 2 (and scale J = 4) provides the results shown
in Fig. 2.

Example 2: Consider the system (3) with f(z) = %

z >0,
x < 0.

g(x) = 21‘;““” For this system the optimal value function
is
V() = P+, x>0,
-z, z <0.

Using the WEA algorithm with Daubechies wavelets of
order p = 2 (and scale J = 4) provides the results shown
in Fig. 3.

Fig.
2,J

Fig. 3. Example 2: Value Function using Daubechies wavelets with p =
2,J =4.

VIII.

We have also used polynomials as the underlying bases
functions for solving the HJB equation for the previous two
examples. The numerical results showed that the polynomi-
als were able to approximate the solution for Example 1,
although the minimum error achieved was only 0.4118.
This error was achieved using polynomials of degree 70,
after which increasing the polynomial degree did not give
better results. Similar observations hold for Example 2. The
minimum error (£ = 0.3911) for this case was achieved
using polynomials of degree 75, after which increasing
the polynomial degree did not improve the error. It is
reminded that using wavelets, 45 coefficients were used for
Example 1, resulting in an error of 0.0554. For Example 2,
54 wavelet coefficients were used, resulting in an error of
0.034. Hence, using the proposed algorithm the approxima-

COMPARISON WITH POLYNOMIAL EXPANSIONS



TABLE |
APPROXIMATION ERROR FOR EXAMPLE 1: CASE | vS. CASE Il

Q Q_U Q+
p | no. of trial fcns FE no. of trial fcns E
2 30 0.2405 | 18+ 18 =36 | 2.8466
4 74 0.2247 | 46 +46 =92 | 2.7845
TABLE I

APPROXIMATION ERROR FOR EXAMPLE 1: CASE | vs. CASE 111

Case | | Case Il
p | J E E
2 | 2] 02405 | 0.1735
4 | 2 | 0.2247 | 0.0522

tion error was reduced by roughly an order of magnitude
while also using a smaller number of trial functions.

An alternative method for solving the time-optimal con-
trol problem is to initially solve the problem separately for
the domains Q4 and Q_ and then put the two solutions
together. A frame for W§’2(Q+) has been constructed in Xu
and Shan [5]. A frame for ,"*(2_) can be constructed
in a similar fashion. Specifically, it can be verified that the
functions W x(z) = [ ¥jx(s)ds, V o € (Q_), where,
¥j.k is given by (1) with —1 < j < J and k € Z,, where,

Z; is given by

1-2R<k<—1, j=-1
1-(24+1)R<k<-1, j>0

form a frame for W (2_). A comparison of this methods
with the WEA shows the advantage of the latter. To confirm
this claim, solutions using both these methods were ob-
tained using the antiderivatives of the Daubechies wavelets
of order p =2 and p = 4 at scale J = 2 both as weighting
and as trial functions for the value function. Table | shows
the approximation error for Example 1 for both cases; in
Case | Example 1 was solved for the whole domain
and in Case Il Example 1 was solved for Q_ U Q4. In
the table E denotes the approximation error, calculated
from E = ||[V* — Viygallo,2,0- As seen from Table | the
approximation error in Case | is significantly less than
the approximation error of Case Il, even though the total
number of trial functions used in the first case is less than
the number of trial functions used in the second case. This
indicates the superiority of the WEA algorithm.

Now we further show the advantage of the use the
wavelets as weighting functions, along with the use of
their antiderivatives as trial functions (Case IlI). Table Il
shows that the approximation error for Case Il is less when
compared to that of Case | when the antiderivatives were
used both as weighting functions as well as trial functions.

Ij‘:{kzez‘

IX. CONCLUSIONS

In this paper, we have proposed the use of antiderivatives
of wavelets as trial functions for solving the time-optimal
Hamilton-Jacobi-Bellman equation which is known to of-
ten exhibit non-differentiable solutions. The motivation for

using wavelets stems from the fact that wavelets can approx-
imate efficiently non-smooth functions with a small number
of wavelet coefficients. The use of the antiderivatives also
ensures that the solution to the HIB automatically satisfies
the boundary condition at the origin.

Acknowledgment: This work was supported by NSF
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