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USING BATTIN'S METHOD TO OBTAIN
MULTIPLE-REVOLUTION LAMBERT'S SOLUTIONS

Haijun Sheriand Panagiotis Tsiotrhs

Abstract

In this paper, Battin’s method for the Lambert’s problem is extended to calculate the multiple-
revolution Lambert’s solutions. It is shown that the original successive substitution method de-
scribed in Battin's method converges to one of the Nvoevolution solution withN > 1. If the
order of the original successive substitution is reversed, then the reversed successive substitu-
tion converges to the oth&-revolution solution. It is also shown that the original successive
substitution converges to tid-revolution transfer orbit with the smaller semi-major axis, and
the reversed successive substitution converges to the one with the larger semi-major axis. A
preprocessing algorithm is given to provide initial guesses with with the convergence of the
successive substitution methods is guaranteed.

INTRODUCTION

Lambert’s problem deals with the determination of an Keplerian orbit connecting two points in
space with a given time-of-flight and the direction of flight. Over the years, different algorithms
have been proposed to solve the Lambert’s problem. The most notable ones are Gauss! method,
the method by Herrick and Liti,Battin’s method® etc. A comprehensive analysis along with a
collection of historic references are provided in Battin.

This work is motivated by the works of Prusstgn Multiple-revolution solutions to the Lam-
bert’s problem and Battion the elegant formulation and algorithm to solve the Lambert’s problem.
In Ref. 5, a clear analysis of the multiple-revolution solutions to the Lambert’s problem based on the
classical Lagrange’s formulation is presented. Therein, it is shown that for an impulsive circle-to-
circle orbital transfer, allowing the spacecraft to stay on the transfer orbit for one or more revolutions
could potentially reduce the total fuel consumption of the orbital transfer. It also shows that for a
given Lambert’s problem, there are tWsrevolution transfer orbit witiN > 0, and there is only one
O-revolution transfer orbit. Therefore, there are a totaldf, 2+ 1 solutions for a given Lambert’s
problem, withNmax being the maximum number of revolutions allowed. In Ref. 5, the Newton-
Raphson iteration scheme is used to solve for tNga2+ 1 solutions. However, the convergence
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of the Newton-Raphson iteration strongly depends on the initial guesses, and it is not suitable for
automated on-line calculations.

In Ref. 3, Battin presented an elegant formulation for the Lambert’s problem based on the ge-
ometric orbital transformation described in Ref. 6. Battin’s formulation resembles the elegance of
the Gauss’ formulatiofi,but have great advantages over Gauss’ formulation. First, the singularity
when the transfer angle 1sis moved to 2t, which allows Battin’s formulation to be suitable for a
larger range of problems than Gauss’ formulation. In addition, the convergence property of Battin’s
formulation is better than Gauss’ formulation, especially wBer large, in the sense that Bat-
tin’s formulation has fewer iterations and convergence is obtained for a larger range of problems.
However, the algorithm in Ref. 3 does not yields solutions to Lambert’'s problem with multiple
revolutions.

It is the intent of this paper to extend the algorithm in Ref. 3 to calculateMhg,&- 1 multiple-
revolution transfer orbits. It will be shown that the convergence of the new algorithm does not
depend on the choice of initial guesses.

This paper is organized in the following fashion. The multiple-revolution Lambert’s problem
is introduced first, followed by a brief introduction of Battin’s formulation. Then, we present Bat-
tin’s formulation considering multiple revolutions, and the original successive substitution and the
reversed successive substitution methods to obtain the solutions to Battin's formulation. In the end,
we establish the correspondence between theNiwevolution transfer orbits and the solutions ob-
tained for Battin's formulation.

MULTIPLE-REVOLUTION LAMBERT’'S PROBLEM

A Lambert’s problem is stated as the followihggiven two point R and B in space, the time-of-
flight t;, and direction of flight, determine the Keplerian orbit that takes a body frota P in the
givents. Figure 1 illustrates the geometry of a typical Lambert’s problem. In the figuran& R
are two fixed points in the space, with radiimfandr,, F is the primary focus, Fis the fictitious
focus,d stands for the distance betweendhd B, and®6 is the transfer angle. The problem is to
determine the Keplerian orbit such that a body is atrRially and must arrive at fat a specified
time which is denoted bi.

An N-revolution transfer orbit is an elliptical orbit passingdhd B such that within the given
ts the body travels along the ellipse fircomplete revolutions before arriving at.PClearly, the
O-revolution transfer orbit consists of only the portion of the transfer orbit frero . It should
be pointed out that a O-revolution transfer orbit is not limited to a portion of an ellipse, but can be a
portion of any conic.

According to Lambert’s theor{ the time-of-flight is a function only of the semi-major axis
of the transfer orbit, the sum of the radji+r,, and the chord lengtd, i.e.,
tr=f(a d, ri+rz). 1)

For a given Lambert’s problem, since+r, andd are givenis is a function only of the semi-major
axisa. The task of finding the transfer orbits is then to determine the semi-majoadbas Eq.

(1).



Figure 1: Geometry of the Lambert’s problem.

In the following, distance and time are non-dimensionalized. Specifically, distance is normal-
ized byr,, and time is normalized by the period of a circular orbit with radius,0Hence, under
such a unit system, the gravitational paramgter4re.
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Figure 2: An example plot df vs. a.

It has been shown in Refs. 5 and 7 that, in general, there are more than one transfer orbits for a
given Lambert’'s problem, if multiple revolutions along the transfer orbit are allowed. An example
plot of t; vs. semi-major axig is shown in Figure 2. This plot corresponds to the case where
ri=1,rp,=2,andd =60. In Figure 2, it can be seen that for ea¢hthe number of revolutions,
two solution branches exist, an upper branch and a lower branch. For caseOwhég®, the
upper branch corresponds to largéransfer orbits, and the lower branch corresponds to senall-



transfer orbits. For cases whdie> 180°, the upper branch corresponds to snegilansfer orbits,
and the lower branch corresponds to laegeansfer orbit$ In Ref. 8, a largee transfer orbit is
defined as the one whose two foci lie in the opposite sides of tRelPe segment, and a smadl-
transfer orbit is defined as the one whose two foci lie in the same side of Badife segment.

It is evident in Figure 2 that for eadd > 1 there are two semi-major axes corresponding to
onet;, determining twaN-revolution transfer orbits. As shown in Ref. 8, these two transfer orbits
could be two larges transfer orbits, two smak-transfer orbits, or one large-and one smalé
transfer orbits, depending on the transfer arjlendt;. However, forN = 0, the lower branch
monotonically decreases, and the upper branch monotonically increases. Therefore, there is only
one semi-major axis corresponding to ¢pedetermining either a smadlor a largee transfer orbit,
depending on the transfer and@lendt;. In addition, for any givens, there is a maximum number
of possible revolutions. Let this maximum number of possible revolutions be denotiigy
Then, for a given;, there are Rax+ 1 solutions for the multiple-revolution Lambert’s problem.

For example, in Figure 2, it is shown that for a time-of-flighttpf= 7.6 we haveNyax = 5. Itis

clear that there is a total of eleven semi-major axes that determine eleven different transfer orbits
connecting P and B. Details on how to determiniyax and other characteristics of thevs. a

plot can be found in Refs. 5 and 8.

The Newton-Raphson iteration method was used in Ref. 5 and Ref. 7 to calculaté,iber2
1 semi-major axes of the transfer orbits. However, convergence of the Newton-Raphson method
depends strongly on the initial guesses. In some problems, the convergence can not be gifaranteed.

In situations where the Newton-Raphson iteration does not yield the solution, an alternative
method must be used. A well-known method for solving Lambert’s problem is the one proposed by
Battin in Ref. 3. Battin’s method was motivated by Gauss’ original formulation of the problem. The
formulation by Gauss was designed to deal with problems with small transfer angles and possesses
a singularity when the transfer anglerisin Battin’'s formulation, the singularity &= rtis moved
to 6 = 21, so the algorithm is suitable for a large range of transfer angles. In addition, Battin’s
algorithm has a much faster convergence rate than Gauss’ method. However, the original method of
Battin is used to solve transfer orbits without considering revolutions. In this paper, we extend it to
accommodate the multiple-revolution transfer orbits.

BATTIN'SFORMULATION

The orbit transformation described in Ref. 6 is the basis for Battin’s formulation. According to
Lambert’s theoreri,if P, and B are held fixed, the primary and fictitious foci F antl ¢an be

moved without affecting the time-of-flight, provided that+r, and the semi-major axia are
unchanged in the process. Doing so, the shape of the transfer orbit will be changed. For the purpose
of the new formulation, the transformed orbit is such that its major axis is perpendicular to the line
segment [P..

One example of a transformed elliptical orbit is shown in Figure 3. In this example, the arc
along the transformed orbit fromy Fo P, passes the periapsis. In the figuter (r1+r2)/2, p and
Fo are the two foci of the transformed orbit,denotes the true anomaly of ih the transformed
orbit, E denotes the eccentric anomaly ofiR the transformed orbit, and, denotes the pericenter
radius of the parabolic orbit connecting Bnd B. In the transformed orbit, Pand B have the
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Figure 3: Transformation of the Lambert’s problem - th®Parc along the transformed orbit passes
the periapsis.

same radius which ig, and the radius of the periapsigis It can be showhthat the true anomaly
v of P, on the transformed orbit is related to the original transfer a@dlg the following equation.

Cosv =

+y/n?— (%)2 _ +/s(s—d) /fifzcos)
— : —

0 0 (2)

Let ey denote the eccentricity of the transformed orbit. Then, the equation of the time-of-flight

is given by
1 /p .
E1/gtf:E—e05|nE 3

which defines the relationship between the time-of-flight and the semi-major axes of the transfer
orbits.

With detailed derivation omitted in this context, Eq. (3) can be converted into the following two
equationg.

m
Y= (C+x)(1+x) 2
Y-y = mit‘a—f‘g (4b)



wherel andm are two constants defined by

pt?
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E:tanzy, and m=
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Figure 4: Transformation of the Lambert’s problem - th@®Parc along the transformed orbit passes
the apoapsis.

Equations (4) are Battin’s formulation for the Lambert’'s problem. The varigbdeslx are to
be solved using the method of successive substitufiofiee method starts with an initial guess
X = Xo. ThenE can be calculated from. Next,y can be solved as the positive root of Eq. (4b).
Then the newly-obtainey can be substituted into Eq. (4a) to solve for a newrhis process is
repeated untiyy does not change within a given precision tolerance. This iterative process will be
termed theoriginal successive substitution. After y andx are obtained, the orbital elements can be
easily calculated. The formulas for the semi-major axis and the semi-latus rectum of the original
transfer orbit (not the transformed orbit) are giverf as

ms(1+A)? 2raray?(1+x)2sir?

A= gz AP T gy

(6)

Battin’s formulation can also be used to calculate parabolic and hyperbolic transfer orbits. This



can be done by extending the definitionxab

tarf 5, ellipse
X=40, parabola @)
—tanif ®22H1 - hyperbola

Therefore, in Battin’s formulatiors ranges from-1 to +co.

Remark: For the case where the arc along the transformed orbit frorto P, passes the
apoapsis, the same formulation can be obtained. However, in this case, the definitemdé are
no longer the true anomaly and eccentric anomaly 06 the transformed orbit. The geometry
of the transformation where tha® arc passes the apoapsis is shown in Figure 4, along with the
definition forv andE. It can be seen thatis the true anomaly of the pointPn the transformed
orbit lessmt, andE is defined similarly. In additiorr, is defined as the radius of the apoapsis.

Battin’s formulation, along with Gauss’ formulation, is designed to calculate the transfer orbit
where a space body traverses the arc franioH?, along the transfer orbit only once. That is, the
so-obtained transfer orbit is a O-revolution transfer orbit. In the next section, we will study how
Battin’s formulation can be used to solve for multiple-revolution transfer orbits for the Lambert’s
problem.

EXTENSION OF BATTIN'SFORMULATION

With little additional effort following the derivation of Battin’s formulatichyve can extend the
formulation to accommodafts-revolution transfer orbits. The extended formulation can be written
as the following two equations.

m
Y= C+X)(1+x) (82)
N1+ E — sinE
y-y'=m 4tatt (8b)

Notice that wheN = 0, Eqgs. (8) are exactly the original formulation of Egs. (4). In the following,
for the convenience of presentation, we will ygdo denote the variablgin Eq. (8a) as a function
of x, andy, to denote the variablgin Eq. (8b) as a function of. Evidently,y; is a monotonically
decreasing function of. In Ref. 8, it is shown thay, is a monotonically decreasing function»of
as well.

In the following, we will show how Egs. (8) can be solved foandy which determine the
N-revolution transfer orbits. The two cases whire- 0 andN > O will be treated separately.

TheCaseWhen N =0

WhenN = 0, there are three types of transfer orbits connecting the two pojrasdPR, depending
on the transfer direction and transfer time. The three types of orbits are ellipse, parabola, and
hyperbola. These transfer orbits are determined by the intersection of the fungtemdy,. If the



intersection occurs whenl < x < 0, then the transfer orbit is a hyperbola; if the intersection occurs
whenx = 0, then the transfer orbit is a parabola; and if the intersection occurs xvkéh then the
transfer orbit is an ellipse. In the following we use the elliptical transfer orbit as an example. That
is, y1 andy, intersects ax > 0.

From the geometry of the transformed orbit, it can be seen that the domainddr< E < 1,
sox = tar?(E/2) is a monotonically increasing function & in the domain ofE. Furthermore,
x =0 whenE = 0, andx — o whenE — 1t Thus,

m E —sinE
im— =0, and lmm———— = 9
xe (01 %) (14X) 0" 4tar € ©
Therefore,
)I(im y1 =0, and XIim Vo =1. (10)
In the meantime, it can be shown that whespproaches zero,
m m E—sinE m
im—7—— = — d limm——— = —-. 11
xm(€+x)(l+x) g and. amgm 4tarPs 3 (11)
Let
yio=limyi, and y>o=limy,.
X—0 x—0
Then from Eq. (11), we get
m m
Yi0= 7 and ygo—ygo: 3
It has been shown in Ref. 8 that
Y10 > Y20. (12)

Therefore, Egs. (12) and (10) imply that before the intersection; y,, and after the inter-
section,y; < y». These properties, combined with the fact that bagtlandy, are monotonically
decreasing functions, guarantee that at the intersection where,

dys
dx

_d

< (13)

X=X* X=X*

Consequently, the original successive substitution method for solving Eqgs. (4a) and (4b) converges
to x*, with any initial guess (< xg < . This can be demonstrated by Figure 5 which shows an
example of the plots of; andy, as a function ok. This corresponds to a Lambert’s problem where
ri=1,rp =2, the transfer anglé = 60°, andt; = 2.2. In Figure 5, the intersection whexe= x* is

shown. Itis clear that the relationship in Eq. (13) holds*afThe process of the original successive
substitution is also demonstrated in the figure. The initial guessxis-a§y. Then the new = x; is

such thayi(x1) = y2(x0), and the newx = xy is such thayi (x2) = y2(x1). After each iterationy; 1

is closer tax* thanx;. Eventually, the sequende; } converges to*.

TheCaseWhen N >0

WhenN > 0, the only possible transfer orbits are ellipses. Recall that given a Lambert’s problem,
there are twdN-revolution transfer orbits if & N < Nnax. These two transfer orbits have different
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Figure 5: Plots of; andy, vs. x for the original Battin's formulation = 0).

semi-major axes, and they may be all combinations of larged smalle transfer orbits. For
example, a plot of; vs. afor a Lambert's problem is shown in Figure 6. This Lambert’s problem is
defined such that = 1,r, = 2,08 = 6(°, andt; = 2.2. It can be seen that there are two 1-revolution
transfer orbits (points L and R) and one O-revolution transfer orbit (point P), with the respective
semi-major axes denoted by, ar, andap. However, the original successive substitution method
using Battin’s formulation only yields the transfer orbit at point P. The goal in this section is to
explore the possibility of using Battin’s formulation to solve for the transfer orbits at points L and
R.

As an analogy to the scenario where there are two semi-major axes correspondingtto one
in the time-of-flight equation (Eq. (1)) whel > 1, in Battin's formulationy; andy, have two
intersections folN > 1. These two intersections determine the two transfer orbits. The plgis of
andy, of the above example witN = 1 is shown in Figure 7, whepg;, andx; denote the values of
X at the intersections, witk < x;'. (At this point, we do not know which of the twa-revolution
transfer orbits correspondsxg or x. The correspondence will be clarified later on.)

As have been shown above,
limy; =0, and limy, =1. (14)
X—00 X—00
Thus, after the second intersectionXg}, y> > y1. In the meantime, it can be seen from Egs. (8a)

and (8b) that
. m .
limy, = \/ 7 and limy; = co. (15)

That is, before the first intersection (ef), we still have thaty, > y;. These two properties are
evident in Figure 7. In addition, as shown in the figure, between the two intersegtionys.
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Figure 6: Plots of; vs. a.

These properties, combined with the fact that athndy, are monotonically decreasing func-
tions, imply that ak;,

dr) B (16)
OX [y~ OX |y

and atxs,
| del an
dx X=X& dx X=X&

Therefore, it is clear that the original successive substitution procedure convergewith any
initial guessxg > X&, as shown in Figure 7. However, it is also clear that the original successive
substitution diverges fromg, which implies that the original successive substitution can only be
used to calculate one of tirevolution transfer orbits.

However, it is evident from Figure 7 that if the order of the original successive substitution is
reversed, then it convergesxg with an initial guess okg < x&. That is, given an initial guess,
y1 can be calculated from Eq. (8a), = y1 is then substituted into Eqg. (8b) to calculate the value
of E which yields anx;. x; is then used in Eq. (8a) again to calculate a iygwThis process is
repeated untiy; does not vary within a given precision tolerance. This process is also demonstrated
in Figure 7. We will denote this iterative process tleersed successive substitution.

Within each step of the reversed successive substitution procétinezd to be calculated from
Eq. (8b) for a givery,. This will be addressed after the next subsection.

10
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Figure 7: Plots of; andy, vs. x for the extended Battin’s formulatiomN(> 0).

Initial Guesses with Guar anteed Conver gence

Notice that in reality,x; andx are not known a priori. Thus, it is not possible to pick initial
guesses less thagi for the reversed successive substitution and initial guesses greateqstfan

the original successive substitution to converge. In practice, the following preprocessing procedure
guarantees to provide initial guesses in the convergence region.

Whether it isxg or X that needs to be solved, the starting pointxaran be set agy = | =
tarfv /2. First, let's consider the case whgnneeds to be solved. Starting with, we can initiate
the original successive substitution. We know thagif> x5, the iteration will converge t&/, and
if Xo < Xg, the iteration will diverge. When the iteration diverges, the valugookill eventually
exceeds,/m/I which is the finite upper bound fgf. Thus, at each step, we will monitgs. If at
some stepy, > \/"7' we know that the iteration started from the divergent region for the original
successive substitutiomy(< xg). In this case, the reversed successive substitution will be initiated
with the starting point ato. This iteration will converge tag. Oncexy, is obtained, the initial guess
for obtainingx; using the original successive substitution can be picked as any value largegthan
For example, it can be picked a2

Similar procedure can be followedx;§ needs to be solved. In this case, the reversed successive
substitution is initiated with starting point a. At each step, we monitoy;. If at some step
y1 < 1, we know thakg is in the divergent region for the reversed successive substituigon X;).
However, in this case, the original successive substitution can be used to catfdttding from
Xo. Oncex is obtained, any value between 0 axjdcan be chosen as the initial guess for the
reversed successive substitution to calcukgte=or example, we can pick /2 as the initial guess.

11



Calculating E in the Rever sed Successive Substitution Method

As shown earlier, at each iteration in the reversed successive substitution method, given an inter-
mediate value of,, E needs to be calculated from Eq. (8b). Since the right-hand side of Eq.
(8b) is a transcendental function, a numerical algorithm is used to caldtiale this paper, the
Newton-Raphson iteration method is used.

To this end, lefy be a constant defined as

4
q= a(yg - y%)v
and leth(E) be a function defined as
N1+ E —sinE
h(E)=——+—— — 18
Then, Eq. (8b) is equivalent to
h(E) =0, (19)

and the task is thus to soheefrom Eq. (19).

The Newton-Raphson iteration method is the repetition of the following step. Suppose the value
for E is given asF; in theit step, then in the next step,
h(Ei)
(&)’

Eiy1=E— (20)
wherel (E;) denote the derivative df(E) with respect tcE evaluated aE;. In Ref. 8, it is shown
thath’(E) < 0. Thus, the functioh(E) monotonically decreases wikh and there is only one value

of E such thath(E) = 0. Let this value ofE be denoted b¥*. It is also shown in Ref. 8 that
h’(E) > 0. Thus,h(E) is a convex function. Therefore, the convergence of the Newton-Raphson
iteration method is guaranteed with an initial guesEgp$uch that(Eg) > 0 (that is,Eq < E*), and

the convergence is not guaranteed otherwise.

Since the solutiofE* is not known a priori, it is not possible to pick an initial gué&gs< E*. in
the following, a pre-processing of the initial guess is presented in order to arrive at an initial guess
in the guaranteed convergence region.

Let the initial guess oE be Ey. First, we calculaté(Ep). If h(Eyg) > 0, then the Newton-
Raphson iteration can be started. Otherwish(l) < 0, we sete; = Ey/2, and usés; as the new
initial guess, and repeat the pre-processing until we olEamt thei!" step such tha(E;) > 0.
Then,E; can be used as the initial guess for the Newton-Raphson iteration.

The idea of pre-processing an initial guess and the convergence of the Newton-Raphson iteration
are demonstrated in Figure 8, where the pldi(@) is shown corresponding to the case wiaea 3
andN = 1. In the figure, the initial guedS, is such thath(Eg) < 0 and the convergence is not
guaranteed. Thus, the pre-processing is necessary which leBgs-t&,/2. Sinceh(E;) > 0, the
convergence is guaranteed. The first a few steps of the Newton-Raphson iteration startifg from
are shown in the figure.

12
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Figure 8: Demonstration of the procedure of obtainkigin the reversed successive substitution
method.

DETERMINING THE TRANSFER ORBITS

Now that we have shown that the tWwbrevolution transfer orbits foN > 1 can be determined by
the two intersections of; andys, it remains to determine which of the two transfer orbgsor
X/ determines. Recall thag; can be obtained by the reversed successive substitudioran be
obtained by the original successive substitution, gpd X' .

To this end, letay andag denote the semi-major axes of the therevolution transfer orbits,
with a, < ag, as shown in Figure 6. Recall that there are two typdd-oévolution transfer orbits,
namely, the largeand smalle transfer orbits. It has been shown in Ref. 8 that when 11, ar
always determines a smaldtransfer orbit, buty could correspond to either a smaltransfer orbit
or a largee transfer orbit, depending on the transfer titpe On the other hand, whebh > 11, ar
always determines a largetransfer orbit, buty could correspond to either a largdransfer orbit
or a smalle transfer orbit, also depending on the transfer ttmeTherefore, there are four cases
to consider which are defined in Table 1. In the following, it will be shown from the geometry of
the aforementioned orbit transformation that for each of the four casemrresponds tej, and
ar corresponds teig; i.e., x| determines thé&l-revolution transfer orbit with the smaller semi-major
axis, andxg determines thél-revolution transfer orbit with the larger semi-major axis, regardless
of whether the transfer orbits are larger smalle ones.

Case 1In this case, the transfer andle< 1, and botha, andag determine smalk transfer
orbits.

The geometry of a sma#-transfer orbit with® < 1t and its transformed orbit is shown in

13



Figure 9: Transformation of a smaltransfer orbit withd < Tt

Table 1: Definition of four different cases.

‘ H 0 ‘ a_ corresponds td ar corresponds td

Casel|| <m smalle small-e
Case?2|| <m largee small-e
Case 3| >m largee largee
Cased|| >m smalle largee

Figure 9. It can be seen from the geometry that

Vn2— (9% +/(za—ny2— (¢)°

2a

In Ref. 8, it is shown that the right-hand side of Eq. (21) is a monotonically increasing func-
tion of a. Thus,E monotonically decreases with Recall thai is a monotonically increasing
function of E becausex = tar?(E/2). Thus,x monotonically decreases asncreases. Since

a_ < ar andx’ > xg, we conclude that corresponds to the transfer orbit with semi-major
axisay, andxg corresponds to the one with semi-major aags

coskE =

(21)

Case 21n this case, the transfer angde< 11, a determines a largetransfer orbit, andr
determines a sma#éitransfer orbit.

14



Figure 10: Transformation of a largetransfer orbit withd < 1t

The geometry of a large-transfer orbit with® < 1t and its transformed orbit is shown in
Figure 10. It can be seen from the geometry that

Vn2— (97— /(a—m2— (¢)°
2a

Let E_ be the eccentric anomaly of the transformed orbit correspondiag, @ndEg be the
eccentric anomaly of the one correspondinggoThen cog, is given by Eg. (22), and since
ar determines a smaé{ransfer orbit, coEg is given in Eq. (21). Hence,

V2= (9 -/ —n2-(9)°

COSE = (22)

cosk = 2o
V- @+ —n2- (9
= 2oL (23)
_ V2= ()% +/@a-np- (9)°
< As
= COSER,

where the last inequality is because of the fact that the right-hand side of Eq. (21) is a mono-
tonically increasing function od. Thus, we haveér, > Eg. Becausex = tanz%, we can
conclude that the value of corresponding to the transfer orbit with semi-major aiss

larger than that corresponding to the transfer orbit with semi-majoragxi$herefore, since

X > X&, X corresponds ta,, andxg corresponds teg.
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Figure 11: Transformation of a largetransfer orbit with > 1t

Case 3In this case, the transfer andde> 11, and botha, andagr determines large-transfer
orbits.

Figure 11 shows the geometry of a larg&ansfer orbit withd > 1tand its transformed orbit.
It can be seen from the geometry that

\/(Za— n2-($)° - W— (9)°
2a

cosk =

(24)

In Ref. 8, it is shown that the right-hand side of Eq. (24) is a monotonically increasing
function ofa. Thus,E monotonically decreases with Thus,x monotonically decreases as
aincreases because= tar? % Therefore, sincey < ar andx| > xg, we conclude thax;
corresponds ta, , andxg corresponds tag.

Case 41In this case, the transfer andde> 11, a_ determines a sma#-transfer orbit, angg
determines a largetransfer orbit.

Figure 12 shows the geometry of a smattansfer orbit with® > ttand its transformed orbit.
It can be seen from the geometry that

e Ve () - (9)°
2a

(25)

Let E; be the eccentric anomaly of the transfer orbit determined.hyand letEg be the
eccentric anomaly of the one determinedday In this case, cds, is given by Eq. (25), and
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Figure 12: Transformation of a smalltransfer orbit with® > 1t

cosEr is given by Eqg. (24). Hence, we have

COSE| = 7\/ 2 —N)? \/q2 %

<\/(23L n)2 \/n2 (§)°

= (26)

<\/(2aR n)>2 \/n2 (9)?

= COSER,

where the last inequality is from the fact that the right-hand side of Eq. (24) is a monotonically
increasing function od anda_ < ar. Thus,E; > Eg, which implies thaty corresponds to a

larger value ok thanag does. Therefore, we again conclude tkjatorresponds ta , and
Xgi corresponds tag.

Therefore, we have shown the original successive substitution which determines theciarger
yields theN-revolution transfer orbit with the smaller semi-major axis, while the reversed successive

substitution which determines the smaliéryields theN-revolution transfer orbit with the larger
semi-major axis.
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CONCLUSION

In this paper, Battin’s formulation is extended to calculate the multiple-revolution Lambert’s solu-
tion. When solving for a O-revolution transfer orbit, Battin's original successive substitution proce-
dure converges with any initial guess-el < xg < «. For the twoN-revolution transfer orbits (with

N > 1), Battin’s original successive substitution procedure converges to the one with the smaller
semi-major axis. The initial guess frihas to be large enough, namely, it has to be greaten¢han

The reversed successive substitution procedure can be used to compute the transfer orbit with the
larger semi-major axis. The initial guess fohas to be small enough, namely, it has to be smaller
thanx. A procedure is also proposed to generate initial guesses with which the convergence is
guaranteed.
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